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ON  A DISCRETE  VORTEX  SCHEME  FOR  A FINITE  SPAN  WING 

N.  F.  Vorob'yev 

This  article  examines  the  task  of  the  flow  around  the  lifting 
sui’face  of  a wing  by  a nonviscous,  incompressible  flow.  The  wing 
surface  itself  is  replaced  by  a vortical  surface  S,  and  the  veil 
of  the  vortices  which  descend  from  the  rear  and,  in  the  general 
case,  also  from  the  side  and  leading  edges  of  the  wing  is  a vortical 
surface  I which  consists  of  vortices  whose  axes  with  steady  motion 
are  directed  along  the  lines  of  current.  The  vortical  densities  p” 
on  the  surfaces  S and  £ are  determined  from  the  condition  of  non- 
passage. Furthermore,  the  conditions  of  descent  should  be  satis- 
fied on  the  edges  of  the  wing.  The  presence  of  a vortical  veil 
descending  from  the  wing  edges  provides  the  opportunity  to  ensure 
the  condition  of  limitedness  of  velocity  on  the  edges  from  which 
the  vortical  veil  descends  [1-3]-  In  the  case  of  a linear  scheme 
where  the  vortical  veil  descends  only  from  the  trailing  edge,  on 
the  leading  and  lateral  edges  of  the  wing,  as  is  known,  the  rate 
of  inflow  which  is  determined  within  the  framework  of  an  ideal 
fluid  is  infinitely  great.  In  a nonlinear  case,  where  the  shape 
of  the  surface  is  unknown,  the  solution  of  integral  equations  for 
wings  of  complex  form  in  a plane  is  difficult  [1,  2]. 


There  is  a method  for  calculating  the  aerodynamic  character- 
istics of  a flat  wing  of  arbitrary  shape  in  a plane  where  the 


vortical  layer  which  simulates  the  wing  surface  is  replaced  by  a 
system  of  discrete  vortices  whose  intensity  is  determined  from  the 
nonpassage  condition  [4].  The  vortical  veil  outside  the  wing  is 
also  simulated  by  discrete  vortical  lines  which  are  a continuation 
of  the  vortices  on  the  surface  of  the  wing  Itself.  Each  of  the 
vortical  lines  outside  the  wing  is  presented  as  consisting  of 
straight  segments  which  receive  the  direction  of  the  velocity  in 
the  corresponding  point  in  space.  The  position  of  the  vortical 
lines  outside  the  wing  is  determined  by  the  method  of  successive 
approximations  in  the  course  of  calculation.  Solution  of  the 
problem  of  flow  around  a wing  of  finite  span  in  accordance  with  the 
scheme  of  discrete  vortices  is  induced  to  the  solution  of  a system 
of  algabraic  equations;  this  method  is  convenient  for  realization 
on  a computer  fox*  wings  of  arbitrary  shape  in  a plane.  The  wing 
can  be  represented  by  a system  of  discx’ete  voi’tices  and,  in  this 
case,  when  it  is  nonplaner.  In  the  discrete  scheme,  a finite  span 
wing  remains  an  open  question  concerning  convergence  with  an 
increase  In  the  number  of  discrete  vortices  which  replace  the  wing 
and  concei’ning  the  satisfaction  of  conditions  for  descent  on  the 
wing  edges. 

In  this  work  it  is  shown  that  with  the  appx^oprlate  selection 
of  discrete  vortices  which  replace  the  wing  sui’face  and  of  points 
in  which  the  non passage  conditions  are  satisfied,  with  an  increase 
in  the  number  of  voi’tices  the  algabraic  sums  through  which  the 
velocities  induced  on  the  wing  surface  by  the  disei’ete  voi’tiees  are 
presented  ax*e  transformed  to  Integrals  whose  convergence  is  proven 
and  the  introduction  of  additional  voi’tices  close  to  tlxe  edges 
ensures  the  satisfaction  of  the  descent  condition. 

A wing  of  arbitrary  form  in  a plane  in  the  general  case  is 
some  smooth  sui’face  S which  can  be  covered  by  an  orthogonal  grid 
of  cux’vllinear  coordinates  connected  with  the  wing  surface.  The 
coordinate  system  is  selected  in  such  a way  that  the  line  f,  = const 
connects  the  leading  and  trailing  edges  of  the  wing  (Pig.  1).  A 
discrete  coordinate  grid  £ = const,  £ = const,  which  divides  the 
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The  selection  of  direction  of  the  vortical  lines  which 
replace  the  wing  can  be  arbitrary.  These  vortices  do  not  follow 
the  laws  of  behavior  of  a vortical  line  in  the  flow  of  an  ideal 
liquid.  it  is  assumed  that  the  segment  of  a coordinate  line  whose 
middle  is  point  N(£p  £ . ) is  a segment  of  a vortical  line  of 
constant  intensity.  Points  N(£^,  ) through  which  Jl-shaped 

vortices  pass  can  be  numbered  by  lines  and  columns:  each  point 
is  assigned  a number  (m,  n).  At  points  - AC^)»  Cj  + 

+ a vortical  line  undergoes  a fracture  and  continues  along 

coordinate  lines  c = Cj  -ACj,  C = . + Ac  ^ to  the  trailing  edge  of 

the  wing. 

The  next  vortical  line  of  constant  intensity  AT  ..  is 

J m+1,  n 

located  behind  the  II-shaped  vortex  of  intensity  AT^j  on  the  wing 
on  the  segment  of  the  coordinate  line  £ = £^  + A£^  = £ ^ the 

middle  of  which  is  point  £i  + A£ls  Cj.  At  points  (£i  + A£i, 

Cj  - A£j  ) , (f;^  + A£  ^ + A£j ) this  vortical  line  also  experiences 
a fracture  and  continues  along  the  coordinate  lines  C = - Ac^, 

£ = C|  + A; j to  the  trailing  edge  of  the  wing. 


Thus 


» 


* 


Thus,  the  entire  wing  S Is  covered  by  a system  of  rectangular 
discrete  11-shaped  vertices  connected  with  the  wing.  The  11-shaped 
vortices  which  are  located  on  the  wing  S as  well  as  some  additional 
number  of  discrete  vertices  which  will  be  Introduced  later  to 
satisfy  the  conditions  of  descent  on  the  edges  of  the  wing  descend 
from  t lie  wing  and  continue  outside  the  wing  to  infinity,  simulating 


t he  vort  lea l ve l 1 


ie  vortical  lines  which  represent  the 


vertical  veil  E consist  of  finite  straight  segments  which  are 
aligned  In  accordance  with  the  direction  of  the  velocity  in  the 
correspond  Ing  points  outside  the  wing  [ ] . The  Intensity  of  the 
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1 gill  f leant  for  proof 
of  the  convergence  of  the  process  with  a decrease  in  the  sir.es  of 
the  coordinate  grid  cells.  Selected  as  such  points  are  points 
M(.\,  r)  with  coordinates  x - ^ -f  yl,  which  lie  in  the  geometric 

centers  of  the  coordinate  cells  (see  Fig.  1). 


Subsequently,  discussions  connected  with  the  limiting  tran- 


sit ion  with  a decrease  in  coordinate  cell  At.,,  .'Ac,  without  loss 


of  generality  are  conducted  for  a flat  wing  of  arbitrary  form  in 
a plane.  Everything  which  has  been  stated  Is  correct  for  arbitrary 
smooth  surfaces  without  lines  of  d Isoont l nul t y of  curvature.  In 
the  case  of  a flat  wing,  the  orthogonal  coordinate  system  on  the 
wings  Is  rectilinear  and,  accordingly,  each  Il-shaped  vortex  con- 
nected with  t hi'  wing  consists  of  three  rectilinear  segments. 


The  velocity  Induced  by  the  elementary  vortex  d?  of  Intensity 
r at  some  point  which  is  at  a distance  r from  the  middle  of  tin- 
elementary  vortex  Is  determined  from  the  Biot-Savart  formula 

dV=*r.\d*21. 


In  accordance  with  tills  formula  for  points  of  a flat  wing  the 
velocities  Induced  by  the  vortical  lines  lying  in  the  same  wing 
plane  are  directed  along  the  normals  to  this  plane.  In  this  regard, 
the  value  of  the  velocity  induced  in  point  M(x,  z)  on  a wing  by  a 
Il-shaped  vortex  of  intensity  A I'  which  passes  through  point  N(4,, 
and  consisting  of  rectilinear  segments  of  finite  length  2A£|, 

4 1 - xa(;j-Ac,)«  £ ^ - x3(v|  + AC  ^ ) . where  £ = x3(c)  - the  equation 
of  the  wing's  trailing  edge,  can  be  presented  in  the  form 


*Vl1  ~ - [F  *•  *<•  fc  + a;,)  - f (x,  z,  c,  - ac,)| 


where 


F{X,  t,  6. 


*vt  =—  *.  $<.*  + *>)  — F(x,  t,  8(.  *—«,)!, 


***  (U  to— *). 


(l) 


(2) 


where 


Ar.-Afo  (l,.  *).  Afc-e,. 


Point  M(x,  z)  is  selected  at  the  center  of  a coordinate  cell 
so  that  always  In  the  case  of  a finite  number  of  discrete  vortices 
Cj  * x,  and  c«  = s only  for  one  column  of  coordinate  cells.  The 
velocity  induced  at  point  M(x,  z)  by  all  discrete  Il-shaped  vortices 
connected  with  the  wing  S is  the  sum  of  the  velocities  induced  by 
each  of  the  11-shaped  vortices.  If  we  conduct  a summation  in  a 
fixed  line,  discarding  here  the  terms  which  correspond  to  the 


.r  j 


value  c = z,  and  then  the  summation  for  all  the  lines,  the  velocity 
it  point  (x,  a)  can  be  presented  in  the  form 


r - -jr{21>«,.  t /<-•■•  «<•<,-«/>  x 

x 2AJ/A5,  + 2p(li>  *)  IF(x,  t,  fit.  f + i<)  — F{x,  f,  (i.  f — fj)l  AEiJ,  ( 3 ) 


where  the  intensity  AF^  of  a 11-shaped  vortex  which  passes  through 

point  Ci,  s,(^r.,  Cn)  presented  in  the  form  AF^  , = pCf^,  A£j  , 

In  which  regard  At,  ^ - the  distance  along  the  axis  £ from  point 

Cj,  x,Uin,  cn)  Of  this  vortex  to  the  point  + Aq,UCm+1  Cn) 

through  which  the  next  n-shaped  vortex  passes.  In  formula  (3), 

summation  for  a column  where  it  = a is  excluded  in  the  double  sum; 

n 

the  summation  for  this  column  is  segregated  separately. 


With  an  infinite  increase  in  the  number  of  discrete  vortices, 
where  first  2A^  » 0,  and  then  A£j  0,  the  velocity  induced  in 
point  (x,  z)  by  all  the  joined  vortices  can  be  presented  in  the 
form 

i I 

v = — ar  JT  0*WI  + I + 

(»-«•  «*<»> 

~ F (**  *«  S.  J — ®)1  t 


where  S - 2e  - the  area  of  a wing  with  an  excluded  flat  width  2e 
near  point  t,  = a;  £=x  (c),  t = xn(c)  - the  equation  respectively 
of  the  trailing  and  leading  edges  of  the  wing,  and  the  derivative 
of  the  function  F(x,  a,  t, , c)  has  the  form 


Fi(x.  *.  1. 0 - (7trip  jy 

I*  - *,  (Op-H  2 1*-*,  (01*  (*  - O'  - *i  (0  (» - ;>• 

{1*-*,<!H»+ 


}* 


b 


The  function  F|(x,  a,  £,  4)  exists  in  the  region  S - ft..  In 
the  region  S - ft  in  the  Internal  integral  of  a double  integral 
of  formula  (4)  Integration  by  parts  can  be  conducted.  Assuming 
without  loss  of  generality  z N 0,  we  obtain 

i I ,,  . *>*•» 

V-~TT\- J pllt., (5)1  x 

*1  '**  *B  (i—i( 

V fix. ».  I /,<{>!<£  4-  I p(lO)f(*,*,lO)d|-+-  [ plli„P(llx 


>,  (0) 

< F\x,z,lt„pil))dl  r J Pll*np(5)l/fU1i.l/.p(g)|rf£~ 

•vn';  — » *,(0) 

- I p (5. 0)  F{x,t,  g,  0)  di  — j p(l  0)F(x,  1 0)^5  a. 

V—>  (K) 

**<*‘  '*  *,<»»-•) 

.1  P(l*.-«)f(*.*,li-«)d6-  f p(l0)F{x,z,l.0)dl  - 

*«<#“°  Xm  (•+•) 

*i  (*+•)  <aUft) 

+ J pd^(l)lfl4r.f,l*^(DI<<g_  f p(l,  + •)F(x.f,|.«  + f)dt 
*»"+0  *,<’»+•) 


*,<«)  . 

-r  f P (l r)  IF  (*,  i,l*  + t)-  F(x,t,  l »-«  )]dg  . 

*-  (t)  1 


For  proof  of  the  existence  of  a velocity  on  the  wing  which  is 
determined  by  formula  (5),  It  is  necessary  to  make  an  assumption 
concerning  the  shape  of  the  wing  contour  and  concerning  the  nature 
of  the  vortical  density  on  the  wing.  The  continuity  of  equations 
t = x (;),  t,  = of  the  leading  and  trailing  edges  of  the  con- 

tour at  interval  a < r,  < b (they  may  be  lateral  edges  parallel  to 
the  axis  t,  with  c = a,  c = b)  is  assumed  for  contour  L.  It  Is  also 
assumed  that  on  a wing,  including  the  wing  edge,  t lie  value  of 
vortical  density  ptt.,  C)  and  the  derivative  p .'((,,  ;),  through  the 
value  of  which  the  limiting  value  of  density  of  discrete  vortical 
lines  on  wing  F which  coincide  with  the  direction  of  the  axis  £ is 
determined,  sat isfy  the  Holder  condit  ion. 


We  will  demonstrate  the  existence  of  velocity  on  a wing,  which 
is  determined  by  formula  (5),  for  the  internal  points  of  the  wing. 
The  double  Integral  in  formula  ('>)  can  be  presented  In  the  form 


7 


where  expression 


.,-.Tn-/F=p|-H— o-vU-MOf-w-f  -n-t)|.-yot  (6! 

/w=vDF+w~o* 

t 

Is  the  continuous  function  for  points  of  the  wing  (x,  a)  which  do  not 
lie  on  the  trailing  edge  of  the  wing.  This  integral  is  t he  principal 
value  of  ttie  repeated  interval  of  the  Cauchy  type  which  exists  for 
points  which  do  not  lay  on  the  wing  contour  and,  because  of  tills, 
are  internal  points  of  each  of  the  repeated  intervals  [•>]. 


After  t he  addition  of  simple  integrals  in  which  . he  expression 
p(5,  0)  F(x,  a,  t » d)  ui,  stand  under  the  integral  sign,  two  com- 
ponents remain  which,  on  the  basis  of  the  mean  value  theorem,  can 
be  presented  in  the  form 


*«(*+•>  •»>»—•) 

J p(i0)F(x,*,i0)*  + J p&  0)  F (x,  *,  fc,  0)d$  = 

^t*— «)  *,  <*-H) 

* p lx,  (*),  0)  F lx, «,  xm  (*).  0l2»  + pfx,  (*),  01 P lx,  *,  x,  (x),  01 2», 


w ne  re 


FU,..,x..(,).0,  = ij!aE2 


iyWFn* 

— 


- a function  which  is  limited  for  points  which  do  not  lie  on  the 

wing  edges  (value  a N 0).  With  the  assumptions  made  above  con- 
cerning the  finiteness  of  the  values  of  vortical  density  on  the 
wing  edges,  the  value  of  each  of  these  components  with  c ■*  0 
disappears . 


The  sum  of  the  simple  Integrals  which  contain  under  the 
integral  sign  the  function 

i fVTT^TFF^1  l*-x,t»±«>l  >_ 


S 


where 


llm/f  (x.x.t*  ± •)  *“0. 


also  disappears  with  e -*•  0 . We  will  show  this  using  as  an  example 
the  function  F(x,  z,  £,  z + e): 


«,<*>  «,(»+«) 

f + / p(l*  + «)F(x,*,l,*  + e)4«» 

*,(«>  «■<*+•> 

= - y tP(l,*  + e)-p(L*)lF(*.*.8.»-l-e)<ft+  J p(i«)X 

xa  (40  *B  <*> 

*+•)<+  **; 1 (**•£* [**&*>+ 

(•+•)  Si  Cpt«) 


+ 0(B»)1 ±^<g-  -j-  J P«,X)ff(X,*.&,X  + *)rfS- 

*B  U) 

«,(*) 

— r J p(5,x)//(x,x,£,x  + t)di. 


X,  (J)  + tx^d) 


In  the  first  term  the  integrand  expression,  because  of  the  property 
of  the  function  H,  disappears  with  e 0 and  the  two  following 
terms  are  presented  in  the  form 

— P [*■  (t)  -r  -3-  Xa  (*)•  H j^X,  Z,  Xa  (t)  -h  -%-Xa  (x),  Z 4 « j X„  (z)  — 

- P [x,  (x)  T-jX,  (x),  xj  H [x,  x,  x,  (x)  +-%-x',  (x),  x + e]  xi  (z) 

on  the  basis  of  the  mean  value  theorem  and,  on  the  strength  of  the 
property  of  function  H,  also  disappear  with  e -*•  0 . 

With  e -*■  0 , the  remaining  simple  integrals  in  the  right  side 
of  formula  (5)  are  a contour  interval 

i P It  f (5)1  F lx,  x,  If  (ft)  <f5, 

where  c = f(S)  - the  equation  of  the  contour  L,  integration  in  terms 
of  which  is  conducted  in  a counter  clockwise  direction.  The  con- 
tour integral  can  be  written  in  the  form 
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where  the  function  4>  is  determined  by  the  relation  (6).  For 
points  (x,  z)  which  do  not  lie  on  loop  L,  two  situations  can  be 
encountered  with  the  condition  of  continuity  of  equations  of  the 
leading  and  trailing  edges  in  the  contour  integral:  1)  x = £, 
z 7*  f(£),  2)  x / £,  z = f(£u).  The  case  where  simultaneously 
x = z = f(£),  cannot  exist  for  the  interior  points  (x,  z)  of 
the  wing. 

In  the  first  case  the  integral  ^ where  F,(6  = plS,/(DI 

O [<, «, t,/(S)|  _ continuous  function,  in  which  regard  F^x)  = 

= p[x,  f(x)]  is  an  integral  of  the  Cauchy  type  and  exists  in  the 
sense  of  the  main  value. 

In  the  second  case  ^ » where  = pfj, f (g)l »■  S^MS)I 

the  continuous  function,  in  which  regard  F2(£^)  = 0 for  n-shaped 
vox’tices  which  end  on  the  trailing  edge,  leads  by  the  replacement 
of  the  variables  f(£)  = t to  a form  of  Integral  of  the  Cauchy  type 

where  with  £ -►  £^  t z.  This  integral  exists  in  the  sense  of  the 
principal  value  with  f'(£®)  / 0.  For  loop  L with  the  condition 
of  continuity  of  equations  of  the  leading  and  trailing  edges  the 
value  f'(£)  = 0 may  occur  only  for  the  end  points  of  the  contour 
£ = a,  £ = b which  cannot  be  points  £ = £°  for  points  (x,  z)  which 
do  not  belong  to  the  contour  L.  If  lateral  edges  occur  which  are 
parallel  to  the  axis  £ with  £ = a,  X,  = b,  where  f'(£)  = 0,  then 
the  points  of  the  lateral  edges  cannot  be  points  £ = £^  for  points 
(x,  z)  which  do  not  belong  to  the  wing  contour  either.  This  means 
that  the  contour  integral  exists  in  the  sense  of  the  principal  value 
in  the  second  case,  too. 
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contour  L * tSL,  the  form  of  which  In  t ho  nonllnoar  ease  la  not 
known  ahead  of  time,  a a has  already  boon  noted  will  provide  a 
regular  velocity  component  for  the  point  a of  wing  d and  1 1 a odgoa 

L. 

In  the  ease  under  eonaldorat  Ion,  when  the  wing  la  a lifting 
aurface  without  thlekneaa,  for  the  oxlatonoo  of  finite  voloeltloa 
on  the  edgea  la  it  neoeaaary  to  poae  the  oondll  Ion  of  the  amoel  h 
Joining  of  the  aurface  of  the  wing  d and  the  vort  leal  veil  } 
decendlng  from  It  and  the  cendlt  Ion  of  cent  Inuoua  tranalt  Ion  of 
the  vortical  denalty  of  these  aurfaoer  on  their  boundary  - the 
contour  1,.  On  contour  1,,  sat  l afact  1 on  of  t lit'  condition  of  velocity 
flail  t.enous  In  the  general  cast'  does  not  require  the  disappearance 
of  t lit'  vortical  denalty  on  the  edge  of  the  wing  If  the  vort  leal 
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The  discrete  scheme  should  Incorporate  that  distribution  of 
vortical  lines  which,  with  the  limiting  transition  from  a discrete 
scheme  to  a scheme  of  vortical  surface,  would  ensure  the  continuity 
of  transition  of  vortical  density  on  the  contour  of  the  wing  L. 

This  will  be  ensured  If  the  point  which.  In  the  discrete  scheme. 

Is  considered  the  point  of  the  wing  edge  will  he  limited  from  the 
direction  of  the  vortical  veil  by  a vortical  line  of  the  same 
Intensity  as  from  the  Interior  side  of  the  wing  (Fig.  0).  Since 
there  are  two  directions  of  vortical  lines  on  the  wing  S which  are 
parallel  to  the  axis  >1  and  axis  t, , here  for  the  selected  system  of 
rectangular  11-shaped  vortices  the  limiting  value  of  the  density  of 
discrete  vortices  on  the  wing  In  the  direction  of  the  axis  4 equals  p 
( i,  = const  , ,■, ) and  the  limiting  value  of  the  density  of  discrete 
vortices  on  the  wing  in  the  direction  of  the  axis  4 equals 

{ C const  ) di.,  then  for  each  point  of  the  edge  In  which  the 

*„<«  ’ 

conditions  of  nonpassuge  are  satisfied  two  additional  vortices  are 
drawn  In  the  general  ease.  From  the  direction  of  the  vortical 
veil  one  vortex  Is  drawn  parallel  to  the  axis  L,  and  the  other  - 
parallel  to  the  axis  . 

The  wing  is  divided  by  a discrete  grid  of  coordinate  lines 
into  coordinate  squares  In  the  center  of  each  of  which,  at  point 
(m,  n),  the  condition  of  nonpassage  Is  satisfied.  In  this  regard, 
on  tiie  sections  of  the  contour  which  do  not  coincide  with  the 
direction  of  the  coordinate  lines  the  contour  is  replaced  by  a 
broken  line  located  outside  the  wing  (the  area  of  the  wing  is  taken 
with  a surplus).  The  rectangular  11-shaped  vortical  lines  connect  ed 
with  the  wing  whose  Intensity  is  determined  from  the  conditions 
of  nonpassage  are  plotted  on  the  left  side  of  Fig.  by  solid  lines. 
The  arrows  Indicate  the  selected  positive  direct  Ion.  Only  a 
port  ion  of  these  lines  which  lie  In  one  small  square  are  plotted  In 
the  figure.  in  this  regard,  each  of  the  connected  vortical  lines 
begins  and  ends  on  the  trailing  edge  of  the  wing.  The  eont  Inuat  Ion 
of  these  vortical  lines  outside  the  wing,  beginning  with  the  trail- 
ing edge,  coincides  for  direction  with  the  velocity  of  the  flow. 


On  the  loft  side  of  the  figure  their  continuation,  now  as  free,  is 
portrayed  by  solid  lines  which  begin  at  the  corresponding  points 
of  the  trailing  edge.  The  boundary  points  in  which  the  conditions 
of  nonpassage  are  satisfied  and  which,  for  a discrete  scheme,  are 
points  of  the  contour  are  marked  by  small  crosses.  At  these  points, 
the  conditions  of  descent  must  be  satisfied,  i.e.,  the  conditions 
are  incorporated  which  ensure  the  continuous  transition  of  the 
vortical  surface  of  the  wing  S to  the  vortical  surface  of  the  veil 
l. 


For  a trailing  edge  which  is  not  parallel  to  the  coordinate 

axis  t; , the  boundary  point  is  point  (m,  1)  which  lies  at  the 

center  of  the  rectangle  B ,F  ,C  ,D  In  which  regard  the 

c m , 1 m , 1 m , 1 m , 1 * ° 


sides  B ,D  , and  D ,0  , serve  as  the  boundary  of  t lie  wing  B 

and  the  vortical  veil  Y.  To  ensure  continuity  of  the  vortical 
surface  in  the  direction  of  the  axis  t,  (vortical  lines  which  coin- 
cide with  the  direction  of  axis  c, ) along  the  side  D ,C  ,,  the 
vortical  line  of  intensity  AT  , is  introduced,  where  AT  . - the 

II*  y J.  Ill  9 1 

intensity  of  the  11-shaped  vortical  line  connected  with  the  square 
whose  center  is  point  (m,  1).  At  points  P , C the  vortical 
line  undergoes  a fracture  and  behaves  like  a free  vortical  line. 

To  ensure  the  continuity  of  the  vortical  surface  In  the  direct  Ion 
of  the  axis  c along  side  B P . a vortical  line  is  introduced 

111  % _L  III  j J. 

with  Intensity  2AF  . - AT,  . At  points  B . , P . the  vortical 
line  which  is  introduced  undergoes  a fracture  and  subsequently 
behaves  as  a free  vortical  line.  In  Fig.  2 t lie  vortices  which  are 
Introduced  are  plotted  by  the  broken  lines  while  their  selected 
positive  direction  is  marked  by  arrows. 


For  a trailing  edge  which  is  parallel  to  the  axis  the 
boundary  point  is  the  point  (m,  n)  which  lies  at  t lie  center  of  the 


rectangle  B, , F P 0 

° m,n  m,n  m,n  m,n 


in  which  regard  the  side  B 0 

m, n m,n 

serves  as  the  boundary  of  the  wing  S and  the  vortical  veil  Y . A 
vortical  line  of  intensity  AT  is  introduced  to  ensure  the  con- 

III  j I 1 

tinuity  of  the  vortical  surface  along  the  side  B C . At  points 

m,n  m,n  v 

Bin  n^m  n the  line  which  is  introduced  undergoes  a fracture  and 


1 'I 


subsequent  ly  behav 


as  a free  vort  leal  line. 


For  lateral  edges  parallel  to  the  axis  t, , the  boundary  point 
Is  the  point  (in,  1)  which  lies  at  the  center  of  rectangle  1 
C ,D  ,F  ,,  In  which  regard  side  B . C . serves  as  t he  boundary 
of  the  wing  S and  vortical  veil  E.  Along  the  side  B ^ a 

vortical  line  of  Intensity  2AI’m  ^ - AI'm  , Is  introduced  which  con- 
tinues to  the  end  of  the  lateral  edge  where  It  descends  as  a free 
vortical  line  together  with  all  the  Joined  vortical  lines  which 
coincide  with  the  lateral  edge.  At  point  l the  vortical  line 
behaves  like  a free  vortical  line.  The  selected  positive  direction 
of  the  Joined  and  Introduced  vortical  lines  Is  marked  by  the  arrows 


For  a leading  edge  which  is  not  parallel  to  the  axis  c. , the 

boundary  point  Is  point  (m,  0)  which  lies  at  the  center  of  rectangU 

D ,,  B F A C in  which  regard  sides  D ,,B  A and  ,C  , 

m,0m,0m,0m,0'  ° m , 0 m , 0 m , 0 m , 0 

serve  as  the  boundary  of  the  wing  S and  the  vortical  veil  E.  A 
vortical  line  of  Intensity  Armrt.t  — AIVo (Af* ♦ t.t  — Afm.i  1 AI'm.*),  is 


. 


Introduced  along  the  side  D^B^  (D^C^)  and,  from  point  D^, 


behaves  as  a free  vortical  line  and,  from  point  B n (C  n)  con- 

1 1 1 £ vJ  1 1 1 y \J 


tinues  along  the  wing  parallel  to  the  axis  £,  to  the  trailing  edge 
where  It  descends  as  a free  vortical  line  together  with  the  cor- 
responding Joined  vortices.  The  positive  direction  of  the  vortical 
lines  which  are  introduced  and  joined  is  marked  by  arrows . The 
different  signs  with  the  value  of  intensity  with  coinciding  arrows 
as  well  as  the  same  signs  with  oppositely  directed  arrows  signifies 


the  mutual  destruction  of  the  action  of  vortical  lines.  As  i: 


evident  from  Fig.  2,  the  intensity  of  the  vortical  lines  which  are 
introduced  and  which  ensure  the  continuity  of  transition  of  vortical 


surface  S to  surface  in  the  direction  of  the  axis  £ and  axis  t, 
for  point  (m,  0)  are  such  that  they  mutually  destroy  the  action 
of  the  Joined  vortex  which  is  connected  with  point  (m,  0)  and  the 
action  of  the  components  of  the  introduced  vortices  with  intensity 
AT  n.  In  the  discrete  scheme  of  the  wing  it  is  not  necessary  to 
introduce  for  consideration  immediately  the  joined  vortex  with 


intensity  AI’m  ^ which  corresponds  to  point  (m,  0)  but  to  take  the 


intensities  of  the  Introduced  vortices  as  equal  respectively  to 


AT  , and  AT  ..  , - AP  .. 
m+ 1,1  m+ 1 , 1 m , 1 


Thus,  the  intensity  of  all  vortices  newly  introduced  on  the 
edges  of  a wing  and  which  ensure  the  finiteness  of  velocity  at 
points  of  wing  edges  is  expressed  through  the  intensity  of  the 
previously  constructed  joined  II  -form  vortices  whose  intensity  is 
determined  from  the  condition  of  nonpassage  on  the  surface  of  the 
wing. 
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